In Class Work
Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.
1. List the elements of H, and discuss their order.

2. List the elements of K, and discuss their order.

3. Show H ~ K.

4. List the elements of G/H, and discuss their order.

5. List the elements of G/K, and discuss their order.
6. Show G/H #% G/K.
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In Class Work
Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.
1. List the elements of H, and discuss their order.

Hint: Be sure to first identify the operation and identity of G.
2. List the elements of K, and discuss their order.

3. Show H ~ K.

4. List the elements of G/H, and discuss their order.

5. List the elements of G/K, and discuss their order.
6. Show G/H #% G/K.
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In Class Work
Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.
1. List the elements of H, and discuss their order.

Hint: Be sure to first identify the operation and identity of G.
2. List the elements of K, and discuss their order.

3. Show H = K.

Hint: Ponder what you know about these 2 subgroups, or construct
an element-by-element map; check it's an isomorphism.

4. List the elements of G/H, and discuss their order.

5. List the elements of G/K, and discuss their order.
6. Show G/H #% G/K.
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In Class Work
Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.
1. List the elements of H, and discuss their order.

Hint: Be sure to first identify the operation and identity of G.
2. List the elements of K, and discuss their order.

3. Show H = K.

Hint: Ponder what you know about these 2 subgroups, or construct
an element-by-element map; check it's an isomorphism.

4. List the elements of G/H, and discuss their order.
Hint 1: First list the elements of G.

5. List the elements of G/K, and discuss their order.
6. Show G/H #% G/K.

Math 321-Abstracti (Sklensky) In-Class Work November 12, 2010 1/8



In Class Work
Let G =Z4s @ U(4), H=<(2,3) >, and K =< (2,1) >.

1.

5.
6.

List the elements of H, and discuss their order.

Hint: Be sure to first identify the operation and identity of G.
List the elements of K, and discuss their order.

Show H =~ K.

Hint: Ponder what you know about these 2 subgroups, or construct
an element-by-element map; check it's an isomorphism.

List the elements of G/H, and discuss their order.
Hint 1: First list the elements of G.

Hint 2: From context, do | mean order of an element or order of set?

List the elements of G/K, and discuss their order.

Show G/H % G/K.
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In Class Work
Let G =Z4s @ U(4), H=<(2,3) >, and K =< (2,1) >.

1.

5.
6.

List the elements of H, and discuss their order.

Hint: Be sure to first identify the operation and identity of G.
List the elements of K, and discuss their order.

Show H ~ K.

Hint: Ponder what you know about these 2 subgroups, or construct
an element-by-element map; check it's an isomorphism.

List the elements of G/H, and discuss their order.

Hint 1: First list the elements of G.

Hint 2: From context, do | mean order of an element or order of set?

Hint 3: The op on G/H is a natural carry-over from the op of G.
List the elements of G/K, and discuss their order.

Show G/H % G/K.
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Solutions:

Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.

1. List the elements of H, and discuss their order.

= {(273)>(O’ 1)}
(0, 1)] 1
(2,3)] = 2

2. List the elements of K, and discuss their order.

K = {(27 1)7 (07 1)}
0,1 = 1
2,1 = 2
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Solutions:

Let G =Zsd U(4), H=<(2,3) >, and K =< (2,1) >.
3. Show H =~ K.

Since both H and K are cyclic groups of order 2, they're both
isomorphic to Zy, and so they're isomorphic to each other.

OR:

Let f: H— K by ((2,3)) =(2,1) and f((0,1) = (0,1). This is
clearly well-defined, 1-1, and onto, and it's operation preserving since
f((2,3)%) = £(0,1) = (0,1) = (2,1)*.
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Solutions:
Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.
4. List the elements of G/H, and discuss their order.

G ={(0,1),(0,3),(1,1),(1,3),(2,1),(2,3),(3,1),(3,3)}

(O, 1)H=H = (2,3)H

(0,3)H=1{(0,3),(21)} = (21)H

(1, D)H={(1,1),(3,3)} = (3,3)H

(1,3)H = {(1,3),(3,1)} = (3,1)H

In G/H,

(0, 1)H| = 1
((0,3 H)2 — (0,32H=(0,1)H=eH = [(0,3)H| =2
(L, 1)H)? = (L1H = (2,1)H = (0,3)H = |(1,1)H| =4
((1,3)H)* = (1,32H = (2, 1)H = (0,3)H = |(1,3)H| =4
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Solutions:

G/H = {(0,1)H,(0,3)H,(1,1)H,(1,3)H}, and
|(0,)H| =1  |(0,3)H| =2 |(1,1)H|=4 |(1,3)H| =4

Thus G/H is a cyclic group of order 4 and so G/H ~ Z4
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Solutions:
Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.
5. List the elements of G/K, and discuss their order.

G ={(0,1),(0,3),(1,1),(1,3),(2,1),(2,3), (3, 1), (3,3)}

0, 1)K=K = (2,1)K

(0,3)K = {(0,3),(2,3)} = (2,3)K

(1, 1)K = {(1,1),(3,1)} = (3, 1)K

(1,3)K ={(1,3),(3,3)} = (3,3)K

In G/K,
(0, 1)K| = 1
((0,3)K)* = (0,3)°K = (0, 1)K = |(0,3)K| =2
(1, 1)K)? = (1,1°K = (2, 1)K = (0, 1)K = |(1,1)K| =2
((1,3)K)* = (1,3)°K = (2, 1)K = (0, 1)K = |(1,3)K| =2
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Solutions:

G/K ={(0,1)K,(0,3)K, (1,1)K,(1,3)K }, and
(0, DK|I=1 |(0,3)K|=2 |[(1L,1)K[=2  [(1,3)K|=2

Thus G/H is a non-cyclic group of order 4, and so G/H ~ Z, ® Z,
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Solutions:

Let G =Zs @ U(4), H=<(2,3) >, and K =< (2,1) >.
6. Show G/H # G/K.

G/H is a cyclic group of order 4 while G/K is not. Thus they can
not be isomorphic.

‘Even though H and K are isomorphic, G/H and G/K are not!
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Visualizing Factor Groups: G = D, and K = {Ry, Rig0}

Cayley Table for G

! ! ! ! ! ! !
Ro :Rwo: Rso:Rz7o: H : vV,D,D

o lo do 10t 0
Ro | Ro 1Rusor ReoiReroy H 1 V1 D D
1

,,,,,,,,,,,,,, S e s e e s
1 1

Rigo Rwsol Ro |R27o| R90| Vi yH,;D,;D

N I Lodoogopo
1 1 1

Rgo R90IR270IR180I Rol D'yD | H |V

NN AP N __|__J.__|__J___|___

D' : \ : H :Rzml Rgo: Ro :Rwao
i it s il Tt nl bt af S
D'[ D'} D | H| VR Reo Rz Ro

K={Ro,R1g0}  RooK={Rgo, Rzzo} ~ HK={H,V} DK={D,D'}
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Visualizing Factor Groups: G = D, and K = {Ry, Rig0}
Cayley Table for G
with the cosets of K shaded

Ro iRisoj Reo iRzzo) H | V | D i D'
] ! ! ]
Ro | Ro iRigoy Roo iRezoy H i V | D { D
B BT TR S N
1 1 1
Rigo]Rigo: Ro 1Raz0i Reoy V i H y D' i D
R e — i |SSE
1 1 1
Rgo | Roo iRz701R1g0: Ro 1 D' : D | H : V
! ! !
1 1 1
Ra70]Ra70i Reo 1 Ro iRygol D § D' 1 V | H
! ! !
e ____ L) T
HIlH ! VID D IRy Rigo!Re Revo
! ! !
| | 1
VIV HID D IRieo Ro!Rero Roo
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D|D D : V i H :Rm Rgoi Ro {Rigo
D' D {D | H V| Reo:iReoRiso! Ro

K={Ro,R180}  RooK={Roo, Rzzo} ~ HK={H,Vv} DK={D,D'}
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Visualizing Factor Groups: G = D, and K = {Ry, Rig0}
Cayley Table for G Cayley Table for G/K
with the cosets of K shaded

Ro Rwo: Rao R270: H @V : D D K RgoK HK DK
| | | | | |
Ro | Ro iRigoj Reo iRe70y H i V | D i D ' s |
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K={Ro,R1g0}  RooK={Rgo, Ro70} ~ HK={H,V} DK={D,D'}
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