2/16/04 Solutions to In-Class Work Calculus 1

1. Find the derivatives of the following functions, and verify your answer
by graphing f and f’ on the same set of axes.

(a) f(x) =22 —22x+3
Combining the following facts:

d ny __ n—1 d o /
) d—(a: ) =nz""" for all n od—(kf(m))—kf ()
o —(f(z) +9(x)) = fi(z) +4(x) o—(k)=0
I find that

fl(x) = 22" —2(12°) +0
= 2x—2

Let’s verify this result:

We can see that where f(z) (in black) switches from decreasing to
increasing at x = 1, f'(x) (in red) switches from being negative to
positive, just as we’d expect. We can also see that f(z) is always
concave up on the interval we’re looking at (in fact, it always is),
and just as expected, f’(x) is always increasing.

Thus we have the graphical relationship we’d expect, verifying
that we more than likely found the correct derivative.
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(b) f(a) =" — 55 +2

The only type of functions we currently know how to differentiate
are those of the form ", and linear combinations of such functions.
Thus in order to differentiate the portion of the above function %,
we must first make sure it is in the form kz™.

Remembering that :pi” = 2~ " is the key to doing such a function.

Thus,

flx) = 2% —527242
= f'(z) = 32*—5(—227°)+0
= 32° +10z7°

Again, let’s verify by graphing:

10

f (in black again) increases on roughly [—4, —1.2] and (0,4), and
we see that f’ (in red) is positive on those same intervals, just as
it should be. f is concave down on (—4,0) and roughly (0,1), and
f' is decreasing over those same intervals, just as it should be. We
again have the expected graphical result.
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(c) f(z)=22"+ 2% —17x

The only aspect of this function that’s different from the previous
two is the presence of 7 in the power. The whole key here, of
course, is remembering that 7 is just another constant, so we
differentiate x™ just the same as we would any other z™.

flx) = 2(ma™ 1) + (—42)2~* - 17(127)
o™t — 420713 — 17

Again, verify this graphically:

50
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f(z) is decreasing up to about x = 1.5, and f'(z) (in red) is
negative on that same interval. f(z) appears to be always concave
up (it’s hard to tell just below 1, as the function is decreasing so
steeply), and f’(z) is always increasing. Again, our graphs have
helped us check our results.
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(d) f<x):£—x+4

7
As in Part (b), I rewrite — as 7z~
x

fx) = Ta7t—2+4
= fl(z) = 7(-127%) —12"+0
= —To -1

Once again, looking at the graphs of both f and f,

104

f is decreasing on the whole interval, and f’ is, as expected, neg-
ative everywhere we can see. f is concave down on [—3,0), and f’
is, again as expected, decreasing on [—3,0). It all fits together.
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2. Find an antiderivative for each function in 1.

(a) f(x) =22 — 22+ 3.
We ask ourselves: what do we differentiate to get f(x)?

d
Remember, since d—(x") = na"" ', an antiderivative of a™ is
$n+1 X
n+1
We can check that, by the way. We need to make sure that the

n+1

derivative of is what we started with, z".

n +

d [ xnt? 1 d, ., 1
- — (T — 1 n+l-1y _ n
dz (n+1) n+1dx($ ) n—|—1<(n+ )z )=z

d xn+1
Since — = 2" we know an antiderivative of z" is indeed
)

dr \n-+1

xn+1

n+1
So, an antiderivative of f(x) is

x2+1 x1+1 x0+1 1
F(x) = -2 3 =-—2° —2° + 3.
() =57 (1+1)Jr <0+1) TR

I can check this two ways: either graphically or by differentiating
F(z) to see if I get f(x).
Check:

Fl(z) = é(3x2) 43— 2 +3— f(a).
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f(r) = 2% —5272422°

cr - (D) (%)

1 >
= '+ -+ 2
4 x

T+1 —42+41 2 T+ 1

Check:

Fl(2) = —— (7 + D)a™) = (—a12~2)— L 90y — o012 17 — f(a)
T+ 1 41 2 ’

—141 2 2
F(x)z?(x )—%+4$:?—%+41‘.

Uh oh! Apparently, we can’t antidifferentiate x=! using the for-
n+1

mula 1

n I. That doesn’t necessarily mean no function has x~
n

as its derivative, but it certainly means no power function has x~
as its derivative.

1

So for now, we're left wondering ... what’s the deal with 1/2777?




