
The Graph of f

1. Find the following limits:

(a) lim
x→−1

f(x)

To find the limit as x approaches −1, the key is not to pay any
attention at all to what f does at x = −1. Instead, we look to see
what f does near x = −1.

Since the points on the graph of f(x) have coordinates (x, f(x)),
asking what f(x) does near x = −1 is the same as asking how the
y-coordinates of the graph behave as x gets closer and closer to
x = −1.

In order to do this, we need to see what happens as x approaches
−1 from both the left and the right.

Mentally put a pencil on the graph of f(x) at a point where the
x-value is near to, but less than x = −1. (−2, f(−2)) will do.
Now move the pencil point along the graph toward x = −1 (with-
out actually touching x = −1). Are the y-values approaching any
particular number? Yes they are – in this case, they’re not chang-
ing at all, in fact. As x gets closer and closer to −1 from the left,
the y-values are staying at what we will call y = −2. Because we
were finding what f(x) approached as x approached −1 from the
left, or negative side, we write this as

lim
x→−1−

f(x) = −2.

Next we do the same thing, but beginning at a point on the graph
where the x-value is near to, but greater than x = −1. This time
(−.5, f(−.5)) might be a good choice. We move the mental pencil
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point along the graph toward x = −1 again, paying attention to
what the y-values are doing. Again, they stay at −2. We write
this as

lim
x→−1+

f(x) = −2.

So, to find what lim
x→−1

f(x) is (if it exists), we need to put these

two pieces of information together. If it doesn’t matter whether
we approach from the left or the right – that is, if f(x) approaches
the same value from both sides – then we know the limit is that
value.

So, since the limit from the left and the limit from the right were
both −2, we know

lim
x→−1

f(x) = −2.

(b) f(−1)

To find f(−1), we do the same thing we’ve always done. We don’t
look to either side of x = −1, we just mentally draw a vertical line
from where the mark for x = −1 is on the x-axis to the graph,
and the y coordinate of that intersection point is the y coordinate
of f(x).

In this case, this is very easy to do – f(−1) = −2.

(c) Is f continuous at x = −1? (Notice that there was a typo, I meant
to ask about x = −1 here.)

In order for f to be continuous at x = −1, we need for lim
x→−1

f(x) =

f(−1). We know that lim
x→−1

f(x) = −2 and we know that f(−1) =

−2. Since they are equal, f(x) is indeed continuous at x = −1.

(d) lim
x→0

f(x)

Again, we don’t pay any attention to what f is doing at x = 0.
Instead, we look a bit to the left and a bit to the right. If follow
the graph from about the point (−1, f(−1)) toward x = 0, we see
that again f(x)→ −2. So

lim
x→0−

f(x) = −2.
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If we follow the graph from about the point (1, f(1)) toward x = 0,
we also see that f(x)→ −2. So

lim
x→0+

f(x) = −2.

Because f(x) approaches −2 whether we come from the right or
the left, we can conclude that

lim
x→0

f(x) = −2.

(e) f(0)

Again, we just look directly beneath x = 0, without glancing left
or right, to see what the y-value of the graph is. This is perhaps
a bit trickier – there’s a hole in the horizontal line going through
y = −2, so f(0) is not -2.

Does that mean it’s undefined? We look some more, and we see
the solid dot at (0,−1). This indicates that the function is defined
to be -1 at x = 0. In other words,

f(0) = −1.

(f) Is f continuous at x = 0?

In order for f to be continuous at x = 0, we need for lim
x→0

f(x) =

f(0). We know that lim
x→0

f(x) = −2 and f(0) = −1. Since these

are not equal, f(x) is not continuous at x = 0.

(g) lim
x→−2

f(x)

Looking first at what happens as x approaches −2 from the left,
we see that the y-values are moving up from the x-axis toward
y = 1, so we know

lim
x→−2−

f(x) = 1.

Now looking at what happens as x approaches −2 from the right,
we see that the y-values are moving along the horizontal line,
staying at y = −2, so we know

lim
x→−2+

f(x) = −2.
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Because f(x) does not approach the same number if we move along
the graph from the left as if we move along from the right, we say

lim
x→−2

f(x) does not exist.

(h) f(−2)

Looking directly above and below x = −2, we see a hollow dot at
y = 1 (which in essence means f(x) approaches 1 as x approaches
−2 from the left, but that f(−2) 6= 1. We also see a solid dot at
y = −2, which means that f(−2) = −2.

So f(−2) = −2.

(i) Is f continuous at x = −2?

We would need the value of lim
x→−2

f(x) to equal the value of f(−2),

in order for f to be continuous there. Because the limit doesn’t
even exist, this obviously can not happen, and so f(x) is not
continuous at x = −2.

(j) lim
x→1+

f(x)

lim
x→1+

f(x) = 1.

(k) lim
x→1−

f(x)

lim
x→1−

f(x) = −2.

(l) f(1)

f(1) = −2.

(m) Is f continuous at x = 1?

Once again, because lim
x→1

f(x) doesn’t even exist, it can’t equal

f(1), and so the function is not continuous there.

2. On which intervals is f continuous?

In practice, the definition of continuous agrees with your instinct for
what continuity is. If you have to pick up your pencil then left and
right sided limits are different, and so there’s a point of discontinuity.
Thus we can fairly quickly and easily decide the intervals on which f
is continuous.
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I can trace along f from x = −3 up to (but not including) x = −2
without lifting my pencil. Then at x = −2 I lift up the pencil, move it
down, and trace along from x = −2 to x = 0, etc.

f is continuous on the intervals [−3,−2) ∪ [−2, 0) ∪ (0, 1] ∪ (1, 3].
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