Find Taylor Series about xp = 0 for the following:
1. f(x) = sin(x)

k| fR(x) | Flk)(x0) | ax

0 | sin(x) 0 ap=0/0'=0
1 | cos(x) 1 aa=1/11=1
2| —sin(x) | O aa=0/21=0
3| —cos(x) | —1 a3 =—1/3!

4 | sin(x) 0 as =0

5 | cos(x) 1 as = 1/b!

= Taylor series for sin(x) based at xp = 0 is
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1. (continued)

Write this Taylor series for sin(x) in sigma notation:

2k+1 or X2k—1 )

v

Only odd powers of x = write as x

| choose x2k+1.

X2k+1
(2k + 1)!

X2k+1

What k do we need to start with? m = x when kK =0.

v

Divide by that same number, factorial =

v

v

Alternating sum = (—1) or (—1)**1.
Starting with k = 0,first term = x (not —x) = (—1)k.
2k+1

(0.0)
Therefore, the power series for sin(x) is Z
— 2k f 1)
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Find Taylor Series about xp = 0 for the following:
2. f(x) = cos(x)

d
cos(x) = —— (sin(x)) = differentiate the power series for sin(x).

dx
Power series for sin(x) based at xo = 0:
B35 KT o0 K 2k+1
_Z 42 2 4= Y, SR
SR TR TR T kz_%( Ty

= Power series for cos(x) based at xp = 0:

d X3 X5 X7 d o X2k+1
(x4 - B A
dx (X G ) M (;( N erE

1_37x2+57x4_77x6+“. or i(_ )k(2k+1)X2k
3 B Tl 2 2k + 1)!
2 A k6 % X2k
e T T D Gy
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We found that the power series for sin(x) based at xp =0 is

2k+1

Z 2k+ (2k +1)!

k=0

But we're left with two crucial questions:
1. Where does this Taylor series converge

2. Does this Taylor series actually converge to sin(x)?
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Find Taylor Series about xg = 0 for the following:

3. cos(x?)
Feel free to use the result from (b).

Since (on the interval of convergence), cos(x) actually equals

c9 2k
Z(—l)k ()2<k)" they are just two different ways of writing the same
k=0 '
function.
Thus
o0 2\2k 4k 4 8 12
5 i« (x9) K X x* x® x
= -1 = -1 =1-——4——+....
cos(x) kz:%( ) Gh) k;)( ) TRTRT
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Find Taylor Series about xg = 0 for the following:
4. /cos(x2) dx

1
Then approximate / cos(x?) dx accurate within 107>
0

) o0 . x4k A8
4 8 12
:>/cos(x2)dx = /1—;+L—);!+...dx
B %9 513
=

o0 Akl
= C+ kz_;)(—l)k(4k+1)-(2k)!

5.2 t9.a 136

+C
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4. (continued)

1
Approximate / cos(x?) dx accurate within 107>
0

0o X4k+1
[eost®yax = ¢ +kZ_O(—”k4k+1>-(2k)!
1 o
:>/O cos(x2) dx = ;(—1)1(@/(_’_1) ZO
0 1
- ;f—”kmmuzkn

Alternating series, sequence of terms decreasing, so Alternating Series
Test applies. ‘fol cos(x?) dx — SN‘ < api1, so find N so

1

QT ey S
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1
4. Approximate/ cos(x?) dx accurate within 107>, (continued)
0
‘fol cos(x?) dx — SN‘ < an41, so find N so

1

(4N +1)+1) - (2(N+1))! =
1

@N15) - N+2) =

107°

107°

Through experimentation, | find that

1
(4-2+5)-(2-2+2)!
1
(4-3+5)-(2-3+2)!

0.00010684 £ 107°

0.000001459 < 10°

8

so [ %) dx = 1) ! +107°
o/ocos(x) X_kz_;)(_)ﬂkﬂ)-(%)! :
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