Where We’re Going

Recall Goal: To be able to antidifferentiate as many functions as possible.

/ 11 X2 / i dx, and /xcos(xz) dx — all very basic looking

antiderivatives. And yet they are each non-trivial, in their own way.

> (Review) Inverse Trig Functions
» (Review) Their derivatives

> Integration by Substitution
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In Class Work from Friday

2. Find the following indefinite or definite integrals, and check your
answers by differentiating

@) [ = o
(b) / ﬁ dx
(©) [ xsin(rx?) dx
(d) /131f)(2 dx
(e) /ﬁ dx
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In Class Work from Friday

2. Find the following indefinite or definite integrals, and check your

answers by differentiating
1 1
——dx= | ——-1d
O [ g A
4 1
b ——dx= | ——-44d
()/\/174X2 % /\/174X2 X
(c) /xsin(wx2) dx = /sin(wx2) - x dx

3 3
X 1
(d)/l 1+X2dx_/1 1+X2.de

X 1
(e) /mdxz/deX
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In Class Work from Friday

2. Find the following indefinite or definite integrals, and check your

answers by differentiating

(b) /ﬁ dXZ/ﬁ.wX:/
(c) /xsin(wx2) dx = /sin(wx2) - X dx:/ sin(7x?) |- x dx

3
X
(®[1:;“:
X
(@/fiﬁw
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_/FQTX“_/

~1dx:/ (1—x)"t]-1dx

1 (2x)2

1
-4 dx

3 3

1

7+'d_ ".d
/llxzxx/l(er) x dx

1

- x dx
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Question from your reading:

Integration by substitution attempts to undo one of the techniques of
differentiation — which one?
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Question from your reading:

Integration by substitution attempts to undo one of the techniques of
differentiation — which one?

The chain rule

Example:

Differentiate f(x) = cos(x3)

f(x) is a composition.
Let u = x3, g(u) = cos(u)

f(x)=g(u(x))

d dg du
() = —=—
= (—sin(v))(3x%)
= —3x%sin(x?)
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Question from your reading:

Integration by substitution attempts to undo one of the techniques of

differentiation — which one?
The chain rule
Example:

Differentiate f(x) = cos(x3)

f(x) is a composition.
Let u = x3, g(u) = cos(u)

f(x)=g(u(x))

d dg du
() = —=—
= (—sin(v))(3x%)
= —3x%sin(x?)

Antidiff h(x) = —3x?sin(x°)

h(x) is a product; one piece is a
composition.
Let u = x°. Then % = 3x?

h(x) = — sin(u)%

. dg
Treat — —=.
reat —sin(u) as >

= g(u) = cos(u).

H(x) = cos(x?)
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Concept behind substitution
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Concept behind substitution

CZ( (u(x)) = f’(u(x))% so /f’(u(x)) '(x) dx = f(u(x)) + C

» Without all the x's:

d du du
de( u) = f(u)a,so /f( )adx—f( u)+ C
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Concept behind substitution

%f(u(x)) = f’(u(x))%, so /f’(u(x)) u'(x) dx = f(u(x)) + C

» Without all the x's:

d , du , du
af(u) =f (U)& SO /f (U)a x = f(u)+C

. . du
» Notation: Rewrite o dx as du
X

d ,, L du / _
S =G50 [0 du=r(u)+C
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Integration by Substitution:

1.
2.

3.

Find a composition.
Let u = the inside function.

du
Find 2¥.
n dX d
Find du: du= 22 . dx.
dx

du .
If du = — dx more or less appears as part of the product (give or

take a mu)l(tiplicative constant), then substitution may work.
Substitute in du and u where they go. Can not omit du, and du can
not be inside any function (or the denominator of any fraction). No
x's can remain at the end of the substitution — all must be replaced
by equivalent expressions in u (and one du).

. Antidifferentiate in u: The antiderivative of / f'(u) du is just f(u).

Resubstitute: We now must substitute back in for the original u(x).
Check your results by differentiating them!
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In Class Work

1. Find the following indefinite or definite integrals, and check your
answers by differentiating

(a) / ﬂlj d

(b) /ﬁ dx

(c) /XSin(Ter) dx
3

(d) /1 ﬁ dx

@ [ s o
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Solutions

1. Find the following derivatives. Don't worry about algebraic
simplifications.

1 5 2x
= )X = —
V1= (x?)? V1—x*

(b) O%(ex arctan(4x)) = e <1+(14x)2 '4> + €*arctan(4x)

4
T 1416x2

(a) dix (arcsin(x?))

+ e~ arctan(4x)
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Solutions:

2(a). Find the following indefinite or definite integrals; check answers.

a dx
(@) / v1—x
» Substitute:
» Composition: /1 — x.
> Lletu=1-x.

v

Differentiating u = % = 1= du=—1dx
Ix
Substitute

/\/% /F 1—1dx_/——1du_ /u*”Zdu.

» Antidifferentiate in u:
1
—/u‘1/2 du = —mul/2 +C=-2yu+C.

» Resubstitute:

v

1
/\/idx:—2\/1—x+C.
Check: (2\/1—x+C) ;(1—x)—1/2-(—1)+0
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Solutions:

4
2(b) / Wi dx
> Substitute:
» Composition: 1 —4x2 = /1 — (2x)2
> Let u=2x.
> Differentiating u = % =2=du=2dx
> Substitute:

/ﬁdx /ﬁ&dx

= / 2 -du—2/ ! du
B V1i—u? - Vi—a?

» Antidifferentiate in u:

1
2/ du = 2arcsin(u) + C.

Vi- 2
4
> Resul:/stitute: /\/ﬁ dx = 2arcsin(2x) + C.
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Solutions:
2(c) /xsin(7rx2) dx
» Substitute:

» Composition: sin(mx?)

> Let u= wx°.

» Differentiating u = % = 27X = du = 27x dx
Ix
> Substitute:

/xsin(wx2) dx = /Sin(Tl’XQ) - 2i - 27X dx
7-

. 11 [
= /sm(u) ‘o du = > /sm(u) du.
» Antidifferentiate in u:
1 ) 1
E/sm(u) du = o —cos(u) + C.
1
» Resubstitute: /Xsin(’/TXZ) dx = 5 cos(mx?) + C.
T

. d 1 1
Check: 7(_7 COS(?TX2) + C) — _7 . —Sl'n(7rx2) Y %
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Solutions

3
X
2(d —— dx
@ | 55
» Substitute:

» Composition: X
p T

= x(14+x*)7h
> let u=1+x°
Differentiating u = du =2x = du = 2x dx

dx
Substitute:

3 x=3 u=10
X 1 1 1
2 _dx = . x dx = - .z .2xd
/1 T /X:1 O /u:2 112 2 7%

» Antidifferentiate in u:
1 (101 1
- —du= =1
2/2 L du=2 n|ul

d 1 oy 1
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2

1 1 10
=—(In]10] = In[2]) = ZIn [ = ] = In(5"/2
= 3(n10l—inp2) = 5 () = (s

Check:




Solutions

X
2(e) /l—i—x“ dx

» Substitute:
» Composition: 27 = x(1+x*) 71 = x(1+ (x*)*) %
> Letting u = x* won't work. In that case, du = 4x® dx, and there is no
x> term present.
2

> Instead, let u = x°.

> Differentiating u = % =2x = du =2x dx
Ix

» Replacing x*> with u and x dx with % du:

X 1 1 1 1 1 1
_ = . _ .2 = _ = — .
/1+X4dx /1+(X2)22 x dx /1+u22du 2/1—|—u2du

» Antidifferentiate in u:

1 1 1
E/m du = §arctan(u) + C.

» Resubstitute:

1
ﬁ dx = 5 arctan(x?) + C.

Remember to check by differentiating!
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