Recall: Integral Test for Positive-Term Series

Suppose that for all x > m, a(x) is continuous, non-negative, and
decreasing. Let ay = a(k) forall k=m,m+1,....

o0

o0
Then the series Z ak and the integral / a(x) dx either both converge

k=m m

or both diverge.

Furthermore,
/ a(x) dx < Zakgam+/ a(x) dx
m k:m m

which can be used to quickly find upper and lower bounds for a convergent
sequence
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Recall: Immediate Consequence of the Integral Test

Since — is a continuous, positive, and decreasing function on [a, 00) for
X

1
all a > 0 and for all p > 0, the integral test applies to a(x) = - and
X

= 1
ZE for all p > 0.
k=1

o
1 1
Thus Z — converges whenever — dx does, and diverges whenever
et kP 1 XxP

the intggral does.

So ...

i 1 {converges ifp>1

“— kP | diverges if p < 1

Such series are called p series.
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Recall: Remainders

n
» Partial Sums: S, = Z ED
k=1

o n
> E dy = lim E dy = lim Sn
n— 00 n—o0
k=1 k=1

» For any n,

o
Zak = Zak—i- Z ag
k=1

k=n+1
= 5,, + R,
» If the series converges to S, then |lim S, =S and |lim R, =0
n—oo n—oo
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In Class Work
>k

1. Use the integral test to show this series converges (if you didn't
Friday).

2. Use the integral test to find lower and upper limits for the value of S.

3. Find a number N such that the partial sum Sy approximates the sum
of the series within 0.001.
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Solutions:

o0
k
LY
k=1

Check on a graph: the function is continuous, positive, and
decreasing from about x = 1 on, so the integral test applies.

o
k. & >
Integral Test — E — will do whatever / xe ™ dx does.
€ 1
k=1

& 2 | u 1 . u
xe dx = ——e'du=—= Ilim e
1 1 2 2 R—oo

Since this integral converges, so does the series (although it does not
converge to o)

—R 1

Pt
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Solutions:
<k

2. Use the integral test to find lower and upper limits for the value of S.

o
Integral test = / ) dx < Zak <1 —1—/ a(x) dx.
k=1 v
. o 2 1
Since we found that / xe X dx = —,
1 2e
o 5 oo
/ xe ¥ dx <§< al+/ xe " dx
1 1
11,13
2 T T e 2e 2e
0.184 <S< 0.552
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Solutions:

3 Find a number N such that the partial sum Sy approximates the sum
of the series wio’ghin 0.001.

Need Ry = Z < 0.001 .

k=N-+1
Since Ry < / a(x) dx, suffices to find N so / a(x) dx < 0.001.
N N
© e 1 2|
/ xe X dx <0.001 = —= lim e ™| <0.001
N R—oo N

— N2
<0.001 = eV < 0.002

=

= —N?<In(0.002) = N? > —In(0.002)
= N> /—In(0.002) = 2.49

3.k >k
Thus Z o is within 0.001 of Z 2
k=1 k=1
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