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Formal Definition of the Cross Product

For two vectors −→a = a1
−→
i + a2

−→
j + a3

−→
k and

−→
b = b1

−→
i + b2

−→
j + b3

−→
k ,

we define the cross product, or vector product, of −→a and −→
¯

to be:

−→a ×
−→
b = (a2b3 − a3b2)

−→
i −(a1b3 − a3b1)

−→
j + (a1b2 − a2b1)

−→
k
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In Class Work

Let −→a =< 1,−1, 2 > and
−→
b =< −3, 0, 1 >.

1. Find −→a ×
−→
b .

2. Find −→a
(−→a ×−→b )

,
−→
b ·

(−→a ×−→b )
. What do you conclude the

relationship between −→a ×
−→
b and −→a ,

−→
b ?

3. Find
−→
b ×−→a . Is the cross product a commutative operation?
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Solutions

Let −→a =< 1,−1, 2 > and
−→
b =< −3, 0, 1 >.

1. Find −→a ×
−→
b .

−→a ×
−→
b =

∣∣∣∣−1 2
0 1

∣∣∣∣−→i -

∣∣∣∣ 1 2
−3 1

∣∣∣∣−→j +

∣∣∣∣ 1 −1
−3 0

∣∣∣∣−→k
= (−1− 0)

−→
i − (1 + 6)

−→
j + (0− 3)

−→
k

= < −1,−7,−3 >
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Solutions

Let −→a =< 1,−1, 2 > and
−→
b =< −3, 0, 1 >.

In (1), found that −→a ×
−→
b =< −1,−7,−3 >

2. Check that −→a ×
−→
b is in fact orthogonal to both −→a and

−→
b .

< 1,−1, 2 > · < −1,−7,−3 > = −1 + 7− 6 = 0

< −3, 0, 1 > · < −1,−7,−3 > = 3 + 0− 3 = 0

Since −→a ·
(−→a ×−→b )

= 0 and
−→
b ·

(−→a ×−→b )
= 0, −→a ×

−→
b is orthogonal to

both −→a and
−→
b .
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Solutions

Let −→a =< 1,−1, 2 > and
−→
b =< −3, 0, 1 >.

In (1), found that −→a ×
−→
b =< −1,−7,−3 >

3. Find
−→
b ×−→a . Is the cross product a commutative operation?

−→
b ×−→a =

∣∣∣∣ 0 1
−1 2

∣∣∣∣−→i − ∣∣∣∣−3 1
1 2

∣∣∣∣−→j +

∣∣∣∣−3 0
1 −1

∣∣∣∣−→k
= (0 + 1)

−→
i − (−6− 1)

−→
j + (3− 0)

−→
k

= < 1, 7, 3 >

= −−→a ×
−→
b

The cross product is in fact anti-commutative –
−→
b ×−→a will always be

in the opposite direction as −→a ×
−→
b .
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Is −→a ×
−→
b always orthogonal to −→a and

−→
b ?

Let
−→a = a1

−→
i + a2

−→
j + a3

−→
k

−→
b = b1

−→
i + b2

−→
j + b3

−→
k

Recall: −→a ×
−→
b = (a2b3 − a3b2)

−→
i −(a1b3 − a3b1)

−→
j + (a1b2 − a2b1)

−→
k

−→a · (−→a ×
−→
b ) =

(
a1
−→
i + a2

−→
j + a3

−→
k
)

·
(
(a2b3 − a3b2)

−→
i −(a1b3 − a3b1)

−→
j + (a1b2 − a2b1)

−→
k
)

= a1(a2b3 − a3b2)− a2(a1b3 − a3b1) + a3(a1b2 − a2b1)

= a1a2b3 − a1a3b2 − a1a2b3 + a2a3b1 + a1a3b2 − a2a3b1

= 0

Similarly, −→a · (
−→
b ×−→a ) = 0,

−→
b · (−→a ×

−→
b ) = 0, and

−→
b · (
−→
b ×−→a ) = 0.
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