Thm 6.2: Properties of Isomorphisms Acting on
Elements

Suppose that ¢ : G — G is an isomorphism. Then
1. ¢ carries the identity of G to the identity of G.
For every integer n and for every group elt a € G, ¢(a") = [¢(a)]".
For any elements a, b € G, ab = ba < ¢(a)p(b) = ¢(b)p(a).
G =< a>ifandonly if G =< ¢(a) > .
|a| = |#(a)] for all ain G. (That is, isomorphisms preserve order).

For a fixed k € Z and a fixed b € G, the egn xk=b has_the same
number of solutions in G as does the eqn xX = ¢(b) in G.

o v s wP

7. If G is finite, then G and G have exactly the same number of
elements of every order.
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Thm 6.3: Properties of Isomorphisms Acting on
Groups

Suppose that ¢ : G — G is an isomorphism. Then
1. ¢! is an isomorphism from G to G.
2. G is Abelian if and only if G is Abelian.
3. G is cyclic if and only if G is cyclic.

4. If K is a subgroup of G, then ¢(K) = {¢(k)|k € K} is a subgroup of
G.
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In Class Work

Show that Z, @ Z4 is not isomorphic to Zg, but that Z, & Z3 is
isomorphic to Zsg.
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Solutions

Show that Zy @ Z4 is not isomorphic to Zg, but that Z, ® Z3 is
isomorphic to Zsg.

To show Zy ® Z4 % Zg:

Zg
Ly ®Zs =

{0,1,2,3,4,5,6,7}

{(0,0),(1,0),(0,1),(1,1),(0,2),
(1,2),(0,3),(1,3)}

—
I
~

Because no element in Zy @& Z4 has order 8, Zy & Z4 is not cyclic. Since

Zg is cyclic, this means that there can not be any isomorphism between
the two groups (Theorem 6.3, Part 2).
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Solutions:

Show that Zy ® Z4 is not isomorphic to Zg, but that Z, ® Zs3 is
isomorphic to Zsg.

Is it true that Zy & Z3 ~ Zg?

Zg

{0, 1,2,3,4, 5}
Zo ® 73

{(0,0),(1,0),(0,1),(1,1),(0,2),(1,2), }

In Zy & Z3, the order of (1,1) is 6:

(1L,1)+(1,1)+...(1,1)=(k-1 mod2,k-1 mod 3),

and the first time we'll get 0 in both components is when k=6.)

Thus we know that both groups are cylic of order 6. Does that mean
they're isomorphic?
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Solutions:

Show that Zy @ Z4 is not isomorphic to Zg, but that Z, ® Zs3 is
isomorphic to Zsg.

To show that Zy & Z3 ~ Zg, we need to construct an isomorphism from
Zy ® 73 to Zg or vice versa.

First, just try to define a function, then see if it's an isomorphism.
Elements in Zy & Z3 have the form (x,y), with x € Zy and y € Zs.

To define a function f : Ze — Zy @ Z3, f(m) has to be something of the
form (x, y), where x and y have to either just be something basic in the
group like 0 or 1, or be something that can be gotten from m in some way.

m € Zg, and we need x to be in Z, and y to be in Z3.

Math 321-Abstracti (Sklensky) In-Class Work October 13, 2010 6 /12



Solutions

Show that Zy ® Z4 is not isomorphic to Zg, but that Z, ® Z3 is
isomorphic to Zsg.

To show that Zy & Z3 ~ Zg, we need to construct an isomorphism.

Try defining f : Ze¢ — Zo ® Z3 by f(m) = (m mod 2,m mod 3).
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Solutions

Define f : Zg — Zo & Z3 by f(m) = (m mod 2, m mod 3).
Is f well-defined?

a=b mod6 = 6|(a—b)
— 2|(a—b) and 3|(a— b)
—> a=b mod2and a=b mod 3
— (a mod 2,a mod 3)
= (b mod 2,b mod 3)

Thus a= b = f(a) = f(b), so f is well-defined.
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Solutions

Define f : Zg — Zo & Z3 by f(m) = (m mod 2, m mod 3).
Is f 1-17

(a2 mod 2,a mod 3) = (b mod 2,b mod 3)
a=b mod2and a=b mod 3

2] a—b) and 3] a—b

(since gcd(23 6| a—b

a=b>b mod6

Lrell

Thus f(a) = f(b) = a= b in Zg, so f is 1-1.
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Solutions
Define f : Zg — Zo & Z3 by f(m) = (m mod 2, m mod 3).

Is f onto?

For this function, we can see that it's onto by figuring out what f of each
element is.

Thus for every (m, n) € Zy @ Z3, there exists an a € Zg such that
f(a) = (m,n), so f is onto.

(This shows one-to-one as well, of course)
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Alternative Approach to showing f is onto:
Define f : Zg — Zo & Z3 by f(m) = (m mod 2, m mod 3).

2 and 3 relatively prime = ds, t such that 1 = 2s + 3t.
In fact, 1 =2(—1) + 3(1).

Let (a, b) € Zo & Z3. Need to find a g € Zg such that f(g) = (a, b).
Define g = 3ta+ 2sb. That is, define g = 3(1)a — 2(—1)b = 3a—2b.
NTS f(g) = (a, b).

Then
f(g) = f(3a—2b)
(32—2b mod 2,32—2b mod 3)
(32 mod 2, —2b mod 3)
= ((3 mod 2)a,(—2 mod 3)b)
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Solutions
Define f : Ze — Zp & Z3 by f(m) = (m mod 2, m mod 3).
Is f operation preserving?

The operation in Zg is addition mod 6. The operation in Zy @ Z3 is
addition mod 2 in the first component, addition mod 3 in the second
component. We'll denote this operation as *, just to indicate where it's
showing up.

f(a+b mod6) = (a+b mod2,a+b mod3)
= (a mod 2,a mod 3)
*(b mod 2,b mod 3)
= f(a)*f(b).

Thus f is operation preserving.
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