Consider the differential equation
" 4+ 16z = f(t), x(0) =0, 2'(0) =0

where

20t, 0<t<5
f(t) =
0, t>5
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Transform it (using methods we’ll learn) to an algebraic
equation in a temporary variable s:
20 20 100
s2X(s) +16X(s) = = — [ + —] e o8

s2 s2 S
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After solving for X (s) and writing it in ways that we’ll
learn are useful, transform it back to the solution to the
differential equation,

r .
2t — 2 sin(4¢) 0<t<b
z(t) = { — 7 sin(4¢) + = sin(4¢ — 5)
\ + 25 cos(4(t — 5)) t>5
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Plan:

1. Learn the basics of what we’re doing when we do this

transform, called a Laplace transform
2. Learn some algebra that we're going to need

3. Learn how undo the transform, i.e. learn the inverse

transform
4. Learn how to transform a derivative
5. Apply it to some differential equations

Repeat!



Find the Laplace transform L£{f(¢)} of the following
functions. (Feel free to use Maple for the actual
antidifferentiation, but evaluate at the limits of integration

yourself, for practice with improper integrals. )

0, <t<4
Lof) =4

B t>4
2. f(t) = e

3. f(t) = cos(kt)

4. f(t) = ag(t) + Bh(t), where o and [ are constants.
Find your answer in terms of G(s) = L{g(t)} and
H(s) = L{h(t)}.

5. Find L{f'(t)}, if f is continuous for ¢t > 0. Find your
answer in terms of F'(s) = L{f(¢)}.



L) = /400t3e_8tdt

6 + 65t + 3t25% + t353)e 5t |7
s 4
(6 + 245 + 4852 + 6453 )e ™18
4

= 0+ if s >0

S

LU =




3. f(t) = cos(kt)

L{f(t)} = /OOO cos(kt)e " dt

ke=stsin(kt) — se~5t cos(kt) |~
s? + k2 0

= (-
82—|—k‘2

if s >0

= 32—18—/62 if s >0

4. f(t) = ag(t) + Bh(t), where a and 3 are constants. Find
your answer in terms of G(s) = L{g(t)} and
H(s) = L{h(t)}.

L) = / " (agt) + Bh())e" dt

= a/oo g(t)e st dt + ﬁ/oo h(t)e st dt
= oaG(s)+ BH(s)



5. LLf()}

LU0} = / TPt i

Integration by parts:
Let u=e % dv = f'(t) dt
Then du = —se™ 5t dt, v = f(t)

LUF®) = S0 s [ s a

= (0= f(0)) +sL{f (1)}
if f(t) is dominated by e**

= sF(s) = f(0)



Find the Laplace transform of the DE

y' + 5y + 4y = e y(0) = 1,9/ (0) = 2.

Transforms we already know:

f(t) L{f(1)}

t ;

£3 3

cos(kt) ﬁ
af(t)+Bg(t) aF(s)+ BG(s)
F(t) s"F(s) —s" 1 f(0)

—s"72£1(0) — ... — sf("=2)(0)
~Fr=(0)



E{y”+5y’+4y} — E{e_St}

L{y"} = s°Y(s)—sy(0) —y'(0)
= $°Y(s)—s-1—2
L{yy = sY(s)—y(0)
= sY(s)—1
L{y} = Y(s)
Heh = s Jlr 3

1
s+ 3

s?Y (s) —s — 2+ 5(sY(s) — 1) +4Y (s) =

10



