Math 104 Solutions to In-class Work 2/24/06

1. /xe” dx

The integrand of / xe® dx is a product. There are no compositions

involved, so it does not seem like a candidate for substitution. That
leaves us with integration by parts as our first choice. It it ends up not
getting us anywhere, we can always rethink our stance on substitution

Integration by parts:

/udvzuv—/vdu.

We need to choose u and dv so that [w dv = [ xze® dx. Looking at the
right side, we’re going to end up integrating the product of v du. We
therefore want v du to be somehow easier to antidifferentiate than xe®
is.

That means that we want to choose dv so that v isn’t more ”compli-
cated” than dv, and we want to choose u so that du is "simpler” than
u — keeping in mind all the while that the product of v and dv must
equal xe” dzx.

Let’s try:
U=2z dv = e* dx
du = dx v ="

This seems to satisfy our requirements: du is 1, which is less compli-
cated than z (it’s a lower power of z, for instance), and v is the same
as dv, so it’s no more complicated. Does it lead to something useful?
Let’s see!

Then using the above formula for integration by parts, we end up with
/xe“” dm:xex—/exd:pzxex—ex+0

Sure enough, rewriting our original integral using the integration by
parts formula led to an integral that was a piece of cake to antidiffer-
entiate!
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We should of course always check by differentiation to make sure we're
right:

Verify:

—(xe” —€*+ C) = ze® + €* — ¥ = xe”

dx

Question: What would have happened had we chosen otherwise? Sup-
pose we'd tried:

u = e’ dv = x dx
72
du = e* dx V= —
2

Then using the formula for integration by parts, we end up

with ) )
/xe"” dr = x—ex — / x—em dz.
2 2

The new integral on the right is even worse (in that we have
22 /2 rather than x) than the one we started out with! But
it’s still a product — could we use integration by parts again?

Let’s try it! We again have two ”obvious” choices for u and
dv — what happens?
2
x
e If we choose u = 5 and dv = e* dx, then du = z dx

and v = €%, so we end up with

2 2
/xe”” dx = %e”” — [%ex - /xew dx] = /xe”’c dzx.

A true statement, but not particularly helpful!
2

e If instead we choose u = €” and dv = % dx, then du =

3
x
e’ dr and v = i so we end up with

2 3 3
/ et dp = Do — (Lo / T dal.
2 6 6

The integral we're left with became still more compli-
cated!
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We could try integration by parts again, but the writing
is on the wall — either we’ll end up where we started, or
the integral with get even more complicated.

Thus in this case, the "other” choice for v and dv led to true
statement that was not in any way useful.

Note: Just because integrating by parts a second

time didn’t work here doesn’t mean it never works!
See #4 below!

2. / xIn(z) dz
Let’s try making the analogous choices as worked in the first problem:

u==zx dv = In(z) dx
2

du = % dzx v =777

Once again we realize that even though we know a lot about integration,
there are still some basic things we don’t know! We haven’t seen yet

whether In(x) has a nice antiderivative, and if so, what it is. (Just wait!
That’s number 5!)

So instead, let’s try the other choices for u and dv:

u = In(z) dv =z dx
2
du:ldx v="
x 2

It seems as if this might lead to the same problem as we saw in the

1

first problem, but the fact that du is — might help. Let’s just see what
x

happens:

/xln(x) dx—uv—/vdu

T
2
:mln(x)_l/xdx
2 2
?In(z) 1 22
=2 T2t te
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Verify:
d x*1 2 1 1
%(9@ g(x) —%—1—0) :§*x2*5+§ln(1’)*2x——*2$
- + zln(z) — z
2 2
= zIn(z)

3. /xsecg(a:) dx

The integrand z sec?(z) is a product. If we think of it as a product of
r and sec?(z), the two parts of the product are unrelated. Our first
thought, therefore, is to use integration by parts.

Using the formula /u dv =uv — /v du, with

u=ux dv = sec?(z) dx
du = dz v = tan(x)

I get

/xsecQ(:c) dr = xtan(x) — /tan(x) dz.

Even though tan(z) is a basic ”building-block” function, at first glance
this looks like something we haven’t learned how to do yet. Then we
realize we can re-write

sin(x)

tan(x) = cos()’

sin(z)

We're then looking at the integral / dx. If we let u = cos(x),

cos(z)
then —du = sin(x) dz, so we have

1
/ZBSQCQ(LE) de = xtan(:)s)%—/a du

= xtan(x) + In|cos(z)| + C




Math 104 Solutions to In-class Work 2/24/06

Verify:

dim(x tan(z) + In|cos(z)| +C) = [z -sec?*(x) +1-tan(x)] + - —sin(x)

cos(z)
= xsec?(z) + tan(x) — tan(z)

= xsec’(z)

4. /x2 cos(2z) dx

The integrand is again a product. While the term cos(2z) is a com-
position (which might make us think of substitution), the inside of the
composition — 2z — does not differentiate into the other term in the
product. So we again turn first to integration by parts to see if we can
make it work.

u = x? dv = cos(2x) dx

du = 2x dx v=3g sin(2x)

/$2 cos(2x) dr = uv — /v du

1'2

= T sin(ar) - / 2sin(2z) da

Unfortunately, we still have an integral that’s not a basic one. Does
that mean that integration by parts has failed us? Not necessarily! We
see that whereas before we had 2% multiplied by a trig function, the
degree has gone down and now we have x multiplied by a trig function.
The integral we're left with, [ sin(2z) dz, is again a product of two
unrelated terms. Let’s see if another application of integration by parts
on the remaining integral helps us!

u=zx dv = sin(2z) dx
du = dz v = —1cos(2x)
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2% cos(2x) dx = v sin(2z) — [uv — [ v du
[ ety sy

il x 1
=5 sin(2x) — [—5 cos(2x) + ) /008(2:6) dx]

2 1 1
= % sin(2z) + gcos(Qx) —5*%3 sin(2z) + C

= (% - }l) sin(2x) + gcos(Qx) +C
Verify:
i((JC—2 — 1) sin(2zx) + d cos(2z) +C) = [(I—2 — 1)(2 cos(2x)) + (x) sin(2x)]
dr " 2 4 2 2 4

—1—[3(—2 sin(2z) + % cos(2x)]

= (2% % + %) cos(2z) + (z — x) sin(2x)

= 2% cos(27)

5. / In(z) dz

This turns out to be one of the cooler applications of integration by
parts. You look at this, and you think ”this is a basic building-block
function and I ought to know how to antidifferentiate it, but I don’t.”
When you were working with tan(z) on the exam, rewriting the func-
tion in an equivalent way helped, but it’s not obvious how to do that
here. So what to do? There’s no obvious choice of u to make for a sub-
stitution problem, as there’s no composition going on. You might also
say that there’s no obvious multiplication going on — which is of course
necessary for integration by parts — but you always have multiplication
by 1 going on. It doesn’t seem likely to go anywhere, but it’s worth a
try, since it’s the only idea we’ve got!

/udv:uv—/vdu,

Using the formula:

with
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u = In(x) dv = dx
1
du:—dl‘ V=2
x
I get
1
/ln(m) dx:xln(x)—/x-—dx:xln(a:)—/ldﬁza:ln(x)—x—i—c
x

Lo and behold, fabulous cancellation occurred, and we found that inte-
gration by parts worked even though the product we tried seemed like
we were grasping at straws!

Verify:

%(:pln(m) —z+C)= [x-%+1-ln(:p)] —1=1+1In(x) —1=In(x).

6. /;1:3612 dx

Your first choice might be to try u = 23 and dv = ¢*°. But that gets
stalled right away, as you can’t antidifferentiate e’

Your next choice might be to try v = e*° and dv = 2®. But then

du = 2ze” while v = Z—lx‘l, and when you look at your new integral,
the power of = is even higher, so that’s no good.

And then you’re stuck, because it seems as if these are the only two
choices. But why does it seem that way? What, after all, does a3
mean? It’s a product too, isn’t it? We can write 23 as - 22 or even as

x -2 -z. Once you see that, it opens up tons of new choices.

Try this:
u = 12 dv = ze*” dx
du = 2z dx v="7

I need to find v, using substitution.

2

Let w = z*. Then dw = 2z dx, and so % dw = x dx. Therefore

2 1 1 1 2
v=[xe* dz 5¢" dw = ge 5¢

Thus I have
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u = z? dv = ze® dz
1
du = 2z dx v= =%
2
Hence
2 1
/:r?’e“”2 dr = %6902 — 5/6””2 * 2x dx
2
= %e$2 — /xe:E2 dx
2
1
= %exZ — " 4 C
Verify:
d x? 1 2
d—(%6$2 - 56952 +C) = (% %20 %" 4+ e xx) — ze” = 1Pe”
T

7. /e:D cos(z) dx

Usually, we try to choose our u to be something that gets ”less com-
plicated” when we differentiate it, while choosing for our dv something
that doesn’t get any more ”complicated” when we antidifferentiate it.
Your book as a pneumonic to help you remember the usual way of
choosing things. But here, both portions of our product stay the same
level of difficulty whether we differentiate or antidifferentiate. That
seems to imply that it doesn’t really matter which we choose as wu.
Let’s just choose u = e*.

u=e" dv = cos(x) dx
du = €* dx v = sin(x)

/ e? cos(z) dr = €” sin(x) — / e? sin(z) dz

Hmmm, our new integral doesn’t seem to be any better than our orig-
inal. But it’s not any worse either. What happens if we try again?

u=e" dv = sin(x) dx
du = €* dx v = —cos(x)
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/e“’” cos(z) dx = €”sin(x) — /e“”” sin(x) dx
= e”sin(x) — (e” x (— cos(x)) + /cos(:c)ew dx)

= e sin(r) + e cos(x) — /e“’ cos(x) dx

At first, we feel like we're going around in circles! But then, we notice
that the integral on the right is the same as the integral on the left.
An integral is just a mathematical expression like any other, and can
be added or subtracted to both sides. So we add [ e” cos(z) dx to both
sides of the equation:

2 / e” cos(z) dx = €” sin(x) + e* cos(z)

/ex cos(z) dx = g(sin(x) + cos(z)) + C

Verify:
d e* . e’ ) e’ . ©
%(E(sm(x)—l—cos(x))—i—C') = E(Cos(x)—sm(a:))jL?(s1n(a:)+cos(x)) = €” cos(x)

8. /arctan(w) dx

This is another building block function, and similarly to In(x), there’s
no obvious way to rewrite it. So we might as well try the same technique
that worked for In(z)!

u = arctan(x) dv = dx
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X

1+ 22 du

/arctan(:z:) dx = wxarctan(x) — /
1
let uw =1+ 22, sodu=2xdmz>§du:dx

1
= xarctan(z) — 5 In(1+ 2?) +C

10



